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I. INTRODUCTION 


While quantum measurement back-action causes the state change and the information 
loss of the system, some kind of information is known to be conserved if we focus on a 
proper system observable described by a positive-operator valued measure. An example 
of such measurement processes is the photon counting measurement, also known as the 
Srinivas-Davies modeU, in which we can estimate photon number of the pre-measurement 
state from that of the post-measurement state and the measurement outcome. In general, 
a measurement process described by a quantum instrument^ X is said to conserve a system 
observable described by a positive-operator valued measure E if the joint measurement of X 
followed by E is equivalent to a single measurement of E. 

In the previous work-, the author examined some physical examples of quantum instru¬ 
ments and showed that some intuitively “natural” observable for each instrument satishes 
the conservation condition. Then, it is natural to ask whether there exists a POVM E 
conserved by a given quantum instrument X. The answer, the main result of this paper, 
is affirmative, and E can be constructed as the inhnite successive joint measurement of X, 
called an inhnite composition of X. Furthermore, this inhnite successive measurement is 
shown to be characterized by the minimality up to the fuzzy preorder relation^^- among the 
conserved POVMs, i.e. the inhnite successive measurement is the least informative POVM 
conserved by X. We also reconsider the photon counting and quantum counter instruments 
and explicitly derive their inhnite compositions. As a by-product of the discussion, we 
also correct a mathematical insufficiency in the proof of the existing work- concerning the 
convergence of the normalized count number in the quantum counter measurement. 

In Ref. y, the conservation condition was introduced as a sufficient condition for the 
“relative-entropy conservation law” for system observable E, which is the generalization of 
“Shannon entropy conservation” derived by Ban^. In the comparison of two POVMs, the 
discussion of Ref. y is largely based on the concept of the sufficient statistic^, while it can 
be formulated more rigorously and briehy by using the fuzzy preorder and equivalence rela¬ 
tions between POVMs^^- (Dehnition[T]). The reformulation of the information conservation 
condition based on the fuzzy equivalence relation is another purpose of the present paper. 

This paper is organized as follows. In Sec. m some preliminary results concerning the 
fuzzy preorder and equivalence relations and the composition of quantum measurement 
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processes are reviewed. In Sec. im we construct the infinite composition of a given quantum 
instrument with a standard Borel outcome space and show that it is the least informative 
POVM that is conserved by the instrument. In Sec. IIVI we consider photon counting and 
quantum counter instruments and derive the explicit forms of their infinite compositions. 
Sec. El summarizes the main results of this paper. 


II. PRELIMINARIES 


In this section we briefly review some preliminary results on the quantum theory of 
measurement and fix the notation. For a general reference of quantum measurement, we 
refer Refs. H, and 3. 


A. Positive-operator valued measures and fuzzy preorder and eqivalence 
relations 

We fix a complex Hilbert space "H and denote the set of bounded linear operators on 
R as £('H). Let (Q,^) be a measurable space. A mapping E -^(^) is called a 

positive-operator valued measure (POVM) with its outcome space (H, if 

(i) E{B) >0 {y Be ^)] 

(ii) E{n) = /; 

(hi) for any disjoint C E(Uj>iR) = E{Bi) in the weak operator topology. 

Here O and I are zero and identity operators, respectively. Let E be a POVM with its 
outcome space A measurable set N e is called an E-null set if E{N) = O. E- 

almost sure equations and convergences for stochastic variables are also defined in a similar 
manner as for a classical probability measure. 

Let (Hi, ^i) and (H 2 , ^2) be measurable spaces. A mapping k(-) : H 2 x 3 {u2, B) 1 —)■ 
e [0,1] is said to be a Markov kernel if 

(i) for each a ;2 G H 2 , the mapping r'uj 2 {') ■ [0,1] is a probability measure; 

(ii) for each B e the mapping zz.(E): H 2 —)■ [0,1] is .^ 2 -measurable. 
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Let and be POVMs with their outcome spaces (f2i,^i) and {0.2, ^^ 2 ), respectively. 


Following Refs. 


5l-l7|, we dehne a relation E^ ■< E"^ by the existence of a Markov kernel 


z^.(-): O2 X ^1 [ 0 , 1 ] such that 


E\B)= [ u^,{B)E\du2) (VRe^i), (1) 

and we say that E^ is fuzzier than E"^. POVMs E^ and E"^ are said to be equivalent, denoted 
as E^ zz E"^, if E^ ■< E‘^ and E"^ ^ E^. The relations ^ and ~ are preorder and equivalence 
relations for POVMs^i^, respectively. Equation ([1]) intuitively means that the measurement 
of E^ can be realized by performing the measurement of E‘^ and the classical information 
processing on the measurement outcome UJ 2 - 

The following lemma concerning the Markov kernel will be used later. 


Lemma 1. 1. Let {Oi,3§i) (i = 1,2,3) he measurable spaces. Suppose that 

: 02 X —>■ [0,1] 

: O 3 X ^2 [0,1] 


are Markov kernels. Then defined by 

/ ^^B)ulfiduj2) (R e ^i,a;3 e O 3 ) 

J 0.2 

is a Markov kernel. 


2. Let (Oi,t^i) (i = 1,2,3) be measurable spaces and let n.{-): O 3 x ^2 —t [0,1] be a 
Markov kernel. Define h.(-) by 


us) ( RI ^^), 

B\uji ■= {1^2 £ 02 \{uJi,U 2 ) G B} 


( 2 ) 


for (ci;i,ci; 3 ) G Oi x O 3 and B G x ^ 2 - Then u.{-) is a Markov kernel. 

Proof. 1 is shown in the proof of the Proposition 1 in Ref. 0. We show 2. For each (wi, a; 3 ) G 
Oi X O 3 , is a probability measure. To show the measurability of v.i^B) {B G 

e^i X ^ 2 ), dehne a class ^ of subsets of Oi x O2 by 


^ { R G <^1 X .^2 I ^fB) is X ^ 3 -measurable } . 
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Then ^ is a Dynkin system (A-system), i.e. it is closed under countable disjoint unions and 
proper differences and contains hli x r22- For each G {i = 1,2), 

X B 2 ) = Xbi(wi)z^^3(52) 

is X <^ 3 -measurable, where Xb{-) is an indicator function for a subset B. Thus ^ 
contains the class of the cylinder sets { x i ?2 | -Bi G ^ 1,-82 £ ^2 } and the Dynkin’s 
theorem assures that ^ coincides with x ^ 2 , which proves the assertion. □ 

B. Completely positive instruments and their compositions 

Let is a measurable space. A completely positive (CP) instrument^^^ (in the 

Heisenberg picture) with its outcome space is a mapping 

X.(-) : ^ X £(n) 3 (B, a) ^ Xs(a) G £(n) 


such that 

(i) for any B £ Xs(-): X('H) —)■ X('H) is a normal CP linear map; 

(ii) for any disjoint C and any a G X('H), Xy, >35,(0) = Z]i>i 2 Ai(a) in the 

ultraweak operator topology; 

(hi) In{I) = I. 

We also dehne a positive (P) instrument by replacing CP with P in the dehnition of the CP 
instrument. A CP instrument X.(-) with its outcome space (hi, ^) describes the statistics of 
the measurement outcome and the state change due to the measurement simultaneously in a 
necessary and sufficient manner. The POVM corresponding to the probability distribution 
of the measurement outcome is given by E{B) = Pb{I) {B G ^). Here we only consider the 
case when the range and the domain of Xb(-) is identical, which is a necessary condition so 
that we can compare the same observable of the system before and after the measurement. 

A measurable space (hi, Borel isomorphic to a complete separable metric space is 
called a standard Borel spaced. A (C)P instrument (resp. POVM) with a standard Borel 
outcome space is called a standard Borel (C)P instrument (resp. a standard Borel POVM). 
In the rest of this paper we only consider standard Borel (C)P instruments and POVMs. 
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The following theorem, which is a slight modification of the theorem due to Davies and 
Lewis^ii^, assures the existence of a CP instrument and a POVM corresponding to a joint 
successive measurement process. 

Theorem 1. (i) Let Xj(-) he a CP instrument with a standard Borel outcome space 

{i = 1,2). Then there exists a unique CP instrument with the product 

outcome space (Di x 0 . 2-1 x <^ 2 ) such that 


fiij LetX^{-) he a CP instrument with a standard Borel outcome space (r2i,e^i) and let 
he a POVM with a standard Borel outcome space ( 02 ,^ 2 )- Then there exists a 
unique POVM with the product outcome space (Di x 02,^i x ^ 2 ) such that 


E^^{B,xB2)=T],^{E\B2)) (Si e ^1,^2 e ^ 2 ). (4) 

We call the CP instrument and the POVM E^"^ as compositions, and denote them 

as (X^ *X^).(-) and X^ * respectively. 

Proof. We first show (i). According to Theorem 4.2.2 of Ref. 3, there exists a unique P 
instrument X^^(-) such that the condition ([3]) holds. To show the complete positivity of 
X^^(-), dehne a class ^ of subsets of Di x 02 by 


^ { S e X ^2 I X|^(-) is CP } . 

From the condition ([3]), S> contains the class of cylinder sets. Since we can easily verify that 
^ is a Dynkin class, Dynkin’s theorem assures that ^ x 0 B 21 proving the assertion (i). 

To show (ii), take a CP instrument X^(-) with the outcome space ( 02 ,^ 2 ) such that 
X|(/) = E’^{B) {B e ^ 2 ). Then a POVM E^‘^{-) := satishes the condition (H. 

The uniqueness can be shown by using the Dynkin’s theorem as parallel as in the classical 
measure. □ 


Now let X*’(-) be a CP instrument with a standard Borel outcome space {Ok,^k) {k = 
1, 2, • • •) and let i? be a POVM with a standard Borel outcome space (O, X§). Then we have 
the following associative laws for the composition: 

(X^ *X2) *X3 =X^ * {X^*X^), 

{X^ *X‘^) * E = X^ * {X‘^ * E). 
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Thus we may write these CP instrument and POVM asX^*X^*X^ andX^*X^=t:i?, respectively. 
Multiple compositions X^ * • • • * X'^ and X^ * • • • * X” * for general n > 1 are also dehned 
in a similar manner. These are the unique CP instrument and POVM such that 


(JI , .. . * I" * £:)(Bi X ... X B„ X B) = o ... o IJ,(£;(B)) 

for each Bk G {k = 1, -'' ,n) and B E 
For later use, we show the following lemmas. 

Lemma 2. XefX^(-) be a CP instrument with a standard Borel outcome space (r2i,^i) and 
let he a POVM with a standard Borel outcome space (02,'^ 2 )- Then for each Bi G 
and for each bounded complex valued !^ 2 -'i^e,asurable function /, 


XBiMf{(^ 2 ){T^ * X;^)(da;i x dwa) = 


f{u2)E^{dU2) . 


(5) 


\J ^2 

Proof. It is sufficient to show Eq. ([5]) when / > 0. When / is a measurable simple func¬ 
tion, Eq. ([5]) holds. For general /, take a monotone sequence of non-negative measurable 
simple functions fn such that fn{f^ 2 ) t /(^ 2 ) for each 002 G O 2 . Then from the dominated 
convergence theorem we have 


/ XBi(^^i)/n(w 2 )(X * E )(da;i X da; 2 ) t / Xi?i(^i)/(^ 2 )(X * E ){duji x duj 2 ), 

'Q1XQ2 JQ.1XQ2 


/ Uiu2)E\dcU2)1- / f{c02)E^idU2). 

•0.2 J O 2 


( 6 ) 

( 7 ) 


Since X]j^(-) is normal, Eq. ([7]) implies that 

It. fnME\ck,Cj t It. f(uJ2)E\duCj 

Since LHSs of Eqs. ([6]) and ([8]) coincide, we obtain Eq. ([5]). 


( 8 ) 

□ 


Lemma 3. Let X^(-) he a CP instrument with a standard Borel outcome space 
and let E"^ and E^ he POVMs with standard Borel outcome spaces {^ 2 ,^ 2 ) and 
respectively. Then we have 


(i) if E^ P E^, then I^*E^ E^- 
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(li) if ~ E^, then _ ji ^ ^ 3 ^ 

Proof. We first show (i). From the assumption E'^ ■< E^ there exists a Markov kernel 
!/.(•): ^3 X ^2 —t [0,1] such that 

E\B2)= [ u^,{B2)E%du,) {B2e^2). 

J 03 

From Lemma dl we can dehne a POVM by 

E^\B)-.= f v^,{B\^^){XUE^){du^xdu^) (Se^iX^s). 

*/r2i X113 

From the dehnition of * E^ holds. On the other hand, for each Bi G P§i and 

B 2 G ^ 2 , we have 

E^\Bi X S 2 ) = [ xb,Mi^u.,{B 2 ){X^ * E3)(dn;i x dc^a) 

= 1 ],, (jf I/„,(B2)B=>(<il..3)) 

= li,(£"(B2)) = (I'»B")(BixB2), 

where we have used Lemma [2] in the derivation of the second equality. Therefore we obtain 
X^*E‘^ = E^'^ PX^*E^ and (i) is proved, (ii) immediately follows from (i) and the dehnition 
of the equivalence relation ~. □ 

III. INFINITE COMPOSITION OF AN INSTRUMENT AND ITS 
MINIMAL INFORMATION-CONSERVING PROPERTY 

Definition 1. Let X.(-) he a standard Borel CP instrument and let E be a standard Borel 
POVM. We say that E is conserved by X, orX conserves E, ifX * E cb E. 

This condition is essentially the same as the one obtained in the author’s previous work- 
for a sufficient condition for the “relative-entropy conservation law” which is a generalization 
of the “Shannon-entropy conservation law” derived by Ban^. 

From Dehnition [T] and Lemma [21 we immediately obtain the following theorem. 

Theorem 2. Let X.(-) be a standard Borel CP instrument and let E^ and E'^ he standard 
Borel POVMs. Suppose that E^ ~ ThenX.{-) conserves E^ if and only ifX.{-) conserves 
E^. In other words, the conservation by X.(-) is well-defined to equivalence classes of 
standard Borel POVMs. 
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Now we ask whether there exists a standard Borel POVM E that is conserved by a given 
standard Borel CP instrnment X.(-). The answer is affirmative, and it is given by a POVM 
called the infinite composition of X corresponding to an inhnite snccessive measnrement of 
X. The conservation of the inhnite composition by a CP instrnment X is intnitively 
nnderstood as follows: the composition X * E^o is a measnrement process in which we 
hrst perform X and then perform X inhnitely many times, which is obviously equivalent to 
performing E^o- Furthermore, we will show in Theorem H] that the inhnite composition E^o 
of X is special to X in the sense that X'oo is the minimal element with respect to the preorder 
relation ^ among POVMs conserved by X. 

The following proposition due to Tumulkar^ is a key to the construction of the inhnite 
composition, which is a POVM version of the celebrated Kolmogorov extension theorem for 
probability measures^. 


Proposition 1 (quantum Kolmogorov extension theorem). Let (Oj, ^f) (z = 1, 2, • • •) he a 
standard Borel space and let En (n = 1, 2, • • •) be a POVM with the product outcome space 
(n: Li nr=i Suppose that {En} satisfies the condition 


En{.B) — En+l{B X Ori+i) i U > 1, B E . 


(9) 


2 = 1 


Then there exists a unique POVME^o with the infinite product outcome space 
such that 


En{B) — Eqo i B X Oj I i n > 1, B E . 


( 10 ) 


2 = 22+1 


2 = 1 


The condition ([9]) is called a Kolmogorov consistency condition and the POVM E^o sat¬ 
isfying ffTOj) is said to be consistent with {En}. Note that the consistent POVM E^o is a 
standard Borel POVM since a countable product of standard Borel spaces is also a standard 
Borel space. 

For simplicity, if {1 < i < n) is identical to the product space 

(nr=ia,nr=i^*) (i < < cx)) is denoted as (O”,,^"'). We also denote X* • • • * X as 

for a CP instrument X. 

Now we construct the inhnite composition of a CP instrument. 


n elements 


Theorem 3 (inhnite composition of an instrument). Let X.(-) be a CP instrument with 
a standard Borel outcome space (Q,^). Then there exists a unique POVM E^c with the 
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infinite product outcome space such that 


ns. 

.2=1 


X 


= Xb^o---o Xb„ (/) 


( 11 ) 


for each n > 1 and Bi & {i = 1, ■■■ ,n). The POVM E^o is called an infinite composition 
ofX. 


Proof. Let us define a POVM En{-) := (X*"').(/) for each n > 1. Since -EndllLi coincides 
with the RHS of Eq. ffTT]) . from the quantum Kolmogorov extension theorem, it is sufficient 
to show that {En} satishes the Kolmogorov consistency condition. For each B G (n > 1), 
we have 


E„+i(RxO) = (X*"*X)bxo(/) 

= X*-{I) = E4B), 


and the theorem holds. □ 

The next theorem is the main result of this paper, which states that for a given CP 
instrument X, the inhnite composition of X is the least informative POVM conserved by X. 

Theorem 4. LetX.{-) is a CP instrument with a standard Borel outcome space (Q,^) and 
let Eoo he the infinite composition of X. Then X conserves Eoo ■ Furthermore Eoo is the 
minimal element with respect to the preorder relation K among the standard Borel POVMs 
conserved by X. 

Proof. (0°°, and (O x 0°°, x t^°°) are Borel isomorphic by the mapping 

O X 0°° 3 ^ ^1) ^2-) ■ ■ ■ ) G 0°°, 

and we consider X^E^o as a POVM with the outcome space ^°°) by this identihcation. 
Then for each B,Bi, - ■ ■ , Bn E ^ {I < n < oo), we have 

{X*E^){Bx B^x---BnX 0“) = Xs(Eoo(Si x ■ ■ ■ Bn x 0°°)) 

= Xb o Xbi o ■ ■ ■ o Xb„ (/) 

= Eoo{B X Bi X ■■■ Bn X 
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From the uniqueness of E^oi we obtain X * E^o = -Foo, which proves the conservation of E^o 
byX. 

To show the minimality of E^, take an arbitrary POVM F with a standard Borel outcome 
space (fix, ^x) such that X ~ X * F. The goal of the proof is to construct a Markov kernel 
corresponding to an information-procession from fix to fl°°. Since X * F ^ F, there exists 
a Markov kernel F^(-): fix X X ^x) [0,1] such that 

(I»F)(B)= f ul(B)F(dx) 

J Ux 

for each B E ^ x ^x- Since the Markov kernel x dxi) corresponds to a classical 

information processing generating a measurement outcome {ui,xi) of X * F from a given 
measurement outcome x of F, we can construct a new Markov kernel i)^{dui x du2 x dx2) 
which generates the measurement outcome of X * X * F by applying the same classical 
information processing i>l^{du 2 x dx 2 ) to Xi which generates {u 2 .,X 2 )- Repeating the same 
discussion, we can construct a sequence of Markov kernels i>^{dui x • • • x dujn x dxn) that 
generates the measurement outcome of X*"' * F from that of F The formal dehnition of the 
sequence is given by 

:= [ x *„) (12) 

J X 


for each 1 < n < cx3 and each B G x ^x, where we denote Y\d=i^i 

^L(") := { {i^n+i,Xn+i) e fl X fix I {u^'^\un+i,Xn+i) G F } (1 < u < cx)). From Lemma [H 

F"(-) dehned by Eq. (IT^ is a well-dehned Markov kernel. Now we show that 


(X-*F)(-)=/ K{-)F{dx) 

JUx 


(13) 


for each n > 1. If n 


1, Eq. flT^ evident from the dehnition of z^.^(-). If Eq. ffT3l) holds for 
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n > 1, then for each Bn G Bi G and Bx G ^x, we obtain 


{Bn xBiX B^)F{dx) 


I'l^iiBn X BiX x dxn) ) F{dx 


Q,X 


iix \'^r2‘^xr2> 


/Q'^xflx 


XBM^^)i>l{B^ X Bxmdcv^^^ X dxn)j F{dx) 
X Bx){T^ * F)(da;(") x dxn) 
i>l^{Bi X Bx)F{dXr. 

= {X<^+^UF){BnXB,xBx), 


= {^*^)b.. 




where in deriving Eqs. flT^ and flT^ we have used Lemma [2] and an equality 


f{uj^^\Xn)P:{du^^^ X dXn) F{dx) 


' ^X x'J^^XQ.x 

/(a.("',i„)(r"»F)(</u;(”) X dx„) 


( 14 ) 

( 16 ) 


( 16 ) 


Jn^xQx 

valid for any x -measurable bounded function /. Equation flT6|) holds when / is 
a simple function from the assumption of the induction, and for general /, we can prove 
the equation by taking a monotone sequence of simple functions converging pointwise to f. 
Thus we have shown Eq. fll3p 

Now we dehne a sequence of Markov kernels {i^!^{-)} by 

z/"(5) := v^{B x^x) (x G 5 G 


From the dehnition of for each B G we have 


v^+\B xn)= ul^{{B xnx nx)L(^)K{du^^^^ x dx, 

Jn^xfix 


x dx. 


Jn^x^x 

= i>:{B X nx) = K{b). 

Thus, from Kolmogorov extension theorem, there exists a probability measure with 

the outcome space such that 

z/~(S X Xl^) = u^{B) {n>l,Be (17) 
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for each x G To show the <^^x-^leasurabihty of {B G dehne a class ^ of 

subsets of by 

^ := { B e I y°°{B) is .^x-measurable } . 

Then ^ is a Dynkin class and, from Eq. flT7|l . S> contains the class 

{ 5 X I S G (1 < n < cx)) } , 

which generates . Therefore the Dynkin’s theorem assures that h°°(-) is a Markov kernel. 
Thus we can dehne a POVM E^o by 

E^{B) := [ v^{B)E{dx) {B G 

Jflx 

which satishes E^o ^ F. Then for each B G we have 

E^{B xn°°)= [ D2{B X nx)F{dx) = {1*^ * F){B x fix) = E^{B x fi°°), 

Jux 

where we have used Eq. (IT^ in the second equality. This implies that Eoo = Eoo :< F, which 
completes the proof. □ 

The part of the result of Theorem 0] (conservation of E^o by X) was hrst obtained in the 
PhD thesis by the author—. 


IV. EXAMPLES OF THE INFINITE COMPOSITION: PHOTON 
COUNTING AND QUANTUM COUNTER MEASUREMENTS 

In this section, we consider typical examples of standard Borel CP instruments, namely 
photon countand quantum counter-i^>22 instruments and evaluate the inhnite com¬ 
positions of them. 

Let the system Hilbert space "H correspond to a single-mode photon held, and have a 
complete orthonormal system {|?7,)}nGN called photon number eigenstates. Here the set of 
natural numbers N contains 0. We denote the power set of N as 2^, and the countable 
product space of (N, 2^) as (N°°, .^(N°°)). 

The photon counting and quantum counter instruments for a hnite time interval t > 0 
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are discrete and pure CP instruments with a outcome space (M, 2^) defined by 

I^(b) := 5^ AC’MC, 

m^B 

oo 

•= + n\n) \n) (n + m| , 

n=0 

\m J 

for the photon counting instrumenti‘^‘i^>^, and 


IS'(6) := 5^ AC'MC. 

m^B 

oo 

* m|n) \n + m) {n \, 

n=0 

p^^{m\n) := ^ (e^* - i)™g-At(n+m+i)^ 

\ m J 


for the quantum counter instruments*^. Here A is a positive constant corresponding to the 
coupling strength between the detector and the photon field. The infinite composition of 
jpc,qc jg ^ POVM with the infinite product outcome space (M°°, Abusing 

the notation, is denoted as 

We define the photon number observable E^{-) by 


:= |n) (n| {Be 2^), 

n^B 


and a POVM with its outcome space (M+, <^^(R+)), where R+ is a real half-line (0,cxo) 
and <^(R+) is the Borel cr-algebra of R+, by 

E^{B) = [ E^dx {B e ^(R+)), (18) 

J B 

^ e~^x^ I \ / I 

nGN 


Here, dx in Eq. fflSj) is the ordinary Borel measure on the real line. 

The following theorem gives explicit forms of the infinite compositions of 


Theorem 5. 1. E^ ~ E^. 

2. E{^ ~ E^. 
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Proof. 1. From 


(nil) = p^^{m\m + ni) |m + ni) (m + ni| (19) 

= y^^n,m+niP^‘'(^|n) |n) (n| 

nGN 

and 

^ 5n,m+ni2(^‘'(|ni) (nil) = ^ + ni) |m + ni) (m + ni | 

m,ni£N m,niGN 

= |n) (n|, 

we obtain ~ . Thns, from Theorem 01 E^ ^ E^ holds. 

In order to show E^ ^ E^, let ns dehne .^(N°°)-measnrable stochastic variables 
and Moo{'m^°°'>) by 

k 

Mfc(m(-)) gN, (20) 

i=l 

Moo{rn^°°'^) := lim Mk{mf°°'^) G N U {cxo}, 

/c—>-oo 

where := {mi,m 2 , • • •) G M°°. Since ^ ^ach m G N 

and each G , we have 

JN°° 

= lim [ 

fc^-OO Jj^oo ' ' 

= Y1 ^rm+-+m,,,rJ^^0---0^^{I)- ( 21 ) 

mi,-" jmfeGN 

Here E^°°{m) = E^^{{m}) is the POVM derived by Moo and the limit is in the sense 
of the weak operator topology. Let us evaluate Eq. ([21]). From Eq. flT^ . for each A; > 1 
and (mi, • • • , mu, Uk) G we have 

I^^\o...oI^^l{\nk) (rikl) 

= ^J^P^''(mi|mi H-h mfc + n^)^ |mi H-h m^ + n*,) (mi H-h m^ + n^l , 

and thus 

= X] Pfc''(mi, • • • ,mfc|n) |n) (n|, 

mi,-" ,mfc,n€N 


15 


where 


k 

■ ■ ■ ,mfc|n) := Wp^''{mi\n - rrii -mi_i). (22) 

i=l 

By performing some calculations, the distribution of mi + • • • + m^ for the conditional 
distribution fl22]) is evaluated to be 


pl''{m\n):= ^ 5rn^+---+m;„mPT{mi, ■ ■ ■ ,mk\n) 

mi,--- ,mkGN 


m 




6 n,m {k —)■ OO). 


Thus from Eq. fl2T|) . we have 

E^°°{m) = lim p^{m\n) \n) {n\ = \m) (m| , (23) 

fc^oo ^ 
nSN 

which implies that = E^°° ^ and we have proved the assertion. Note that 
Eq. fl23|l indicates that E^°°{oo) = I — E^°° {N) = O, i.e. Mk is convergent Eg^^-almost 
surely. 

2. From 


[(e^* - l)x]^ 


p'^^{m\x) : = 


ml 


■exp[-[(e^*-l)x]], 


we have 


X^\o...oXUE^) = e 


—Xtk 


'' k \ 

I F^-xtk^ 

\i=l / 


XT. O .. -oXTSl) = I 

]^p'*'^(mj|e^*^*“^^x) j E^{dx). 


V2=l 


(24) 


Let I'Ti') tie the product measure of p'^'^(-|e^*h i)^;) with respect to f > 1 with its 
outcome space (N°°, =^(Id°°)). Then Eq. fl24ll implies that 


E^i-) = I i^Ti-)E^idx), 


(25) 
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and we have shown ^ . To show E^ ^ E^, let us define ^(N°°)-nieasurable 

stochastic non-negative variables by 

k 

(26) 

i=l 

If we denote the expectation with respect to as we have 

E,[Xk] = {l-e-^^^)x, 

E,[(Xfc - E,[Xfc])2] = - e-^^^)x, 

where we have omitted the dependence of G N°°. Thus from Chebyshev’s in¬ 

equality we obtain 

\Xk-x\> }) < - xp] < 

where Cx is a some positive constant independent of k. Then Borel-Cantelli lemma 
assures that Xk converges to x ^'“-almost surely. Therefore, from Eq. (|25il . Xk is 
convergent E^-almost surely. Then we can define a non-negative stochastic variable 
Xoo := lim/c^oo-^fc, which satisfies X^o = x i/^-almost surely, i.e. yx{,X^{B)) = Xb{,x) 
for each B G Therefore, for each B G we have 

Jn°° 

u^{X-\B))E^{dx) 

XB{x)E^{dx) = E^{B), 

which implies E^ ■< E^. Thus we have proved E^ ~ E^. □ 

According to the above proof, we also obtain the following theorem concerning the con¬ 
vergences of the stochastic variables Mk and Xk- 

Theorem 6. (i) defined by Eq. (120]) is convergent E^-almost surely and the POVM 

corresponding to the distribution of limfc^oo Mk coincides with the photon number ob¬ 
servable E^. 

(a) Xk defined by Eq. fl26H is convergent Ef^-almost surely and the POVM corresponding 
to the distribution of hmfc_j.oo Xk coincides with E^. 
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We remark that the statement of Theorem [6] (ii) is essentially the same as Theorem 4 
of Ref. ^ while the proof of Ref. B is, rigorously speaking, insufficient due to the following 
reason. The authors of Ref. 0 show that the characteristic function of converges to that 
of and conclude the assertion of the theorem. However, as well-known in the measure 
theoretic probability theory, the pointwise convergence of the characteristic function, which 
is equivalent to the convergence in distribution, does not necessarily imply the almost sure 
convergence of a stochastic variable. In this sense^our proof of Theorem [6] (ii) complements 
the mathematically insufficient discussion of Ref. l8|. 


V. SUMMARY 

In summary, we have rigorously reformulated the concept of the information conserva¬ 
tion condition in De£nition[T] depending on the equivalence relation among POVMs and the 
composition between an instrument and a POVM. By using quantum Kolmogorov exten¬ 
sion theorem, we have constructed the inhnite composition of a given standard Borel CP 
instrument X. We have shown that the inhnite composition is the least informative standard 
Borel POVM that is conserved by X. We have considered specihc examples of CP instru¬ 
ments, namely photon counting and quantum counter instruments, and shown that their 
inhnite compositions are equivalent to the photon number observable and the POVM 
E^ given by Eq. fflSj) . respectively. As a by-product of the proof, we have found some re¬ 
sults on the almost sure convergences of the total counting number for the photon counting 
and the properly normalized counting number for the quantum counter cases, respectively. 
The latter result on the convergence in the quantum counter measurement complements the 
insufficiency of the proof in the existing work- from the standpoint of the rigorous measure 
theoretic description of quantum measurements. 
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